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In this study I examine the issue of how to support students’ 

coordination of computer algebra systems (CAS) and paper-

and-pencil in solving mathematics problems. Together with a 

classroom teacher I designed and conducted a collaborative 

teaching experiment in a ninth-grade algebra classroom to 

understand how to support students’ coordination of tools. I 

introduce a predict-act-reflect-reconcile activity structure for 

coordinating CAS and paper-and-pencil in solving problems 

involving linear expressions and equations and adopt this as 

an analytic lens to examine the role of curriculum materials 

in impacting students’ learning. Findings suggest the activity 

structure of predict-act-reflect-reconcile is a potentially 

fruitful starting point for coordinating CAS and paper-and- 

pencil in classroom activity, but not sufficient on its own as a 

task design principle without focused classroom discussion 

and support during the enacted curriculum. This research 

points to the importance of teaching students how to 

communicate about their process of using multiple tools while 

solving problems, especially the mathematical thinking that 

students engage in while reconciling differences across tool-

based representations. 

 

1 INTRODUCTION 

The “appropriate” role of computer algebra systems in 

school mathematics has long been debated (Fey, 1984).  It has 

been only within the past five years that mainstream 

contemporary curricula have begun to integrate coordinated 

roles for CAS and paper-and-pencil in textbook curricula 

(Davis & Fonger, 2015).  The inclusion of CAS as a required 

tool for high school curricula is consistent with curricular 

recommendations at the national level.  The strategic use of 

CAS and paper-and-pencil to solve mathematics problems is 

included in recommendations for students’ learning (National 

Governors Association Center for Best Practices & Council of 

Chief State School Offices, 2010; Leinwand, Brahier, & 

Huinker, 2014; National Research Council, 2001).  

To move from value statements and curricular goals, 

research by Davis & Fonger (2015) underscores the 

importance of careful examination of the coordination of CAS 

and paper-and-pencil tools in curriculum.  Specifically, there 

is a need to know how technology is integrated into tasks 

(Doerr & Pratt, 2008; Heid & Blume, 2008; Tall, Smith, & 

Piez, 2008), and how paper-and-pencil and CAS techniques 

are coordinated in instruction in support of student 

understandings in classroom settings (Arbaugh et al., 2010; 

Kieran & Drijvers, 2006; Kieran & Saldanha, 2008).  Indeed, 

students need purposeful instructional supports to promote the 

strategic coordination of CAS and paper-and-pencil (Zbiek, 

2003; Zbiek, Heid, Blume, & Dick, 2007).  

This research study focuses on the issue of understanding 

the nature of curricular supports for students’ coordination of 

tools.  This research is guided by the following question: How 

might curriculum impact students’ coordination of CAS and 

paper-and-pencil in solving problems involving linear 

expressions and equations?  In the following I introduce the 

technological affordances of CAS, and situate this work in 

related literature on CAS in curriculum. 

 

2 COMPUTER ALGEBRA SYSTEMS IN 

CURRICULUM 

Features of CAS Technology 

Computer algebra systems (CAS) are representational 

toolkits that can be used to transpose within and translate 

between dynamic linked representations including symbolic, 

graphic, numeric, and verbal (Dick & Edwards, 2008).  CAS 

expand the power of graphing calculators and linked 

representations to include the manipulation of symbolic 

representation types in both exact and approximate solutions.  

Following Cerulli, Pedemonte, and Robotti (2006), I elaborate 

the nature of CAS used in the present study along three 

dimensions: (a) features and characteristics of CAS, (b) 

educational goals for using CAS, and (c) modalities of the use 

of CAS in teaching and learning. 

The feature of CAS that we focused on in this study was 

symbolic algebra.  We used a classroom set of Texas 

Instruments TI-Nspire CAS handheld with touchpad (Figure 

1a), and the corresponding teacher edition software with 

projection capabilities to share CAS screens with the class.  

Our instructional goals were to support students in 

coordinating CAS and paper-and-pencil to: compare 

expressions by algebraic manipulation, test for equivalence, 

and become more proficient in using the distributive property.  

An automatic simplification technique is shown in Figure 1b.  

The expand command is shown in Figure 1c, together with a 

test of equivalence.  CAS evaluate identity equations as true. 
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Figure 1  CAS handheld and symbolic algebra techniques to simplify expressions and test for equivalence. 

 

In considering effective CAS use, the intent in this study 

was to follow Kieran and Saldanha (2008) in supporting “a 

mix of paper-and-pencil work, CAS activity, reflection 

questions, and classroom discussion of a substantive nature in 

which the teacher draws out from the students the ideas upon 

which they are reflecting” (p. 398).  Cast in this way, CAS is 

a potentially powerful tool for transforming the teaching and 

learning of mathematics, positioning CAS as a learning tool in 

classroom settings. 

Coordinating Symbolic Features of CAS and Paper-and-

Pencil in Curriculum 

Literature on effective CAS use within the symbolic 

representation type suggests several ways in which CAS and 

paper-and-pencil might be coordinated as tools for learning.  

Most notably, Buchburger’s (1990) white-box/black-box 

principle suggests CAS is used as a white box when 

procedures are uncovered, and a black-box when CAS is 

treated as output without consideration for how the output was 

achieved.  Heid and Edwards (2001) extend this black-

box/white-box notion by suggesting that CAS might replace, 

supplant, or complement paper-and-pencil activity in 

curricula.  To support these roles of CAS with empirical 

evidence, Davis and Fonger (2015) investigated the role of 

symbolic features of CAS in contemporary high school 

textbooks.  Their findings suggest that CAS are more often 

used to check paper-and-pencil work, in a black-box role, than 

serve in a more transformative role through reflection and 

white-box procedures to uncover mathematical processes.  

This evidence from written materials is an important starting 

point for understanding the nature of curricular supports for 

students’ coordination of tools.  In this study I seek to advance 

how CAS might effectively be used as a tool or partner (Hillel, 

1993) in learning through coordinating CAS and paper-and-

pencil in enactment or use of instructional materials. 

Some work has been done in this domain. For example, 

in a research study with 10th grade students, Kieran and 

Saldanha (2008) articulate several design principles they 

discerned in supporting effective use of CAS as coordinated 

with paper-and-pencil (not replacing paper-and-pencil) in a 

classroom setting.  In support of co-development of 

conceptual and technical knowledge, Kieran and Saldanha 

recommend four phases of activity: (a) predicting the results 

of CAS activity, (b) reconciling CAS and paper-and-pencil, 

(c) reflecting on reconciled objects, and (d) proving 

generalizations.  This research suggests the need for greater 

elaboration of how task design principles are taken up across 

written and enacted curricula to support student learning with 

CAS and paper-and-pencil (also argued by Zbiek, 2003).  I 

seek to build on these findings in the present study in two 

ways.  First, I advance an activity structure to inform design 

and analyses of curriculum to support the coordination of CAS 

and paper-and-pencil.  Second, taking this activity structure as 

an analytic frame, I examine how curricula might impact 

students to engage in productive coordination of CAS and 

paper-and-pencil in solving problems. 

 

3 AN ACTIVITY STRUCTURE FOR 

COORDINATING CAS AND PAPER-AND-PENCIL 

IN CURRICULUM 

Following Cobb (2003), an activity structure describes 

phases of classroom activity that serve as a means of support 

for students’ learning.  The activity structure developed in this 

study (see Table 1) includes four phases: predict, act, reflect, 

and reconcile.  The sequencing of this activity structure to 

have prediction precede action or application of technology 

was largely informed by the importance placed on prediction 

in technology tasks (Garafolo, Drier, Harper, Timmerman, & 

Shockey, 2000; Guin & Trouche, 1999; Pierce & Stacey, 

2002) and as a task-design feature (Brunström & Fahlgren, 

2015; Dick & Hollebrands, 2011).  Likewise, the reflect and 

reconciling phases were largely informed by literature on 

effective CAS use in task design (Kieran & Drijvers, 2006; 

Kieran & Saldanha, 2008; Thomas, Monaghan, & Pierce, 

2004).  The activity structure is intended to convey a sequence 

of using paper-and-pencil to predict, applying the use of CAS 

to act, then coordinating CAS and paper-and-pencil through 

reflection and reconciling.  Each phase is elaborated in turn 

next. 
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Activity Structure Phase Tool Sample Task 

Predict. Use paper-and-pencil to 

anticipate results to be created with 

CAS. 

Paper-and-

pencil symbols 

Given a symbolic expression on paper, create a simplified 

equivalent expression. For example, given -1(x+2) use paper-

and-pencil to simplify the expression. 

Act. Use CAS to simplify expressions or 

solve equations. 

CAS symbols Use the CAS “expand()” command to simplify the 

expression. 

Reflect. Compare and contrast the results 

of paper-and-pencil with the results of 

CAS. 

Paper-and-

pencil symbols 

and CAS 

symbols 

Do the paper-and-pencil and CAS results match? 

Reconcile. If CAS and paper-and-pencil 

results are different, negotiate these 

differences until they match; focus on 

the mathematical objects involved. 

Paper-and-

pencil symbols 

and CAS 

symbols 

Negotiate differences between CAS and paper-and-pencil. 

Explain how to fix the prediction to match the CAS result. 

For example, in applying the distributive property a(x + b) the 

coefficient a is multiplied by each term in the binomial 

(x + b) to obtain ax + ab.  

Table 1  An Activity Structure for Coordinating CAS and Paper-and-Pencil. 

 

The first phase is to predict or use paper-and-pencil to 

anticipate results to be created with CAS.  A common task for 

this phase is to simplify symbolic expressions or create a 

simplified equivalent expression.  Both combining like terms 

and employing the distributive property to simplify 

expressions are common paper-and-pencil techniques in the 

predict phase.  Second, in the act phase, the goal is to use CAS 

to carry out the same task introduced in the predict phase.  

CAS activity involves creating a representation, and possibly 

explaining the process.  A common task is to use the CAS 

“expand()” command to simplify an expression or an 

automatic simplification technique (both techniques were 

introduced earlier in Figure 1). 

Third, the reflect phase involves comparing and 

contrasting the results of paper-and-pencil with the results of 

CAS.  Both paper-and-pencil (from the predict phase) and 

CAS (from the act phase) are the object of reflection.  A 

common task prompting reflection was to ask students to think 

about whether paper-and-pencil and CAS results matched or 

differed.  Finally, the reconcile phase occurs when CAS and 

paper-and-pencil results are different, and the differences are 

negotiated until they match.  A typical reconciling task 

involves asking students to explain how they fixed the paper-

and-pencil prediction to match the CAS result.  This was 

intended to move away from verifying correct answers (as in 

checking) to understanding why the paper-and-pencil and 

CAS differed (negotiating differences, or reconciling). 

This view of reconciling is consistent with Kieran and 

Saldanha (2008), who emphasize that the responsibility to 

reconcile CAS and paper-and-pencil does not stop at the 

statement of a curriculum task or task situation in which 

students are merely checking their work.  Instead, reconciling 

is specifically directed at making unexpected CAS results 

compatible with paper-and-pencil forms in tasks. Reconciling 

is accomplished through tasks that requires students to write 

about how their interpreted their work, or through class 

discussions specifically focused on the mathematical objects 

being studied.  Using CAS to check focuses on getting the 

correct answers, while using CAS to reconcile focuses on 

understanding why there are differences between CAS and 

paper-and-pencil and how to fix them.  Opportunities to 

reconcile arise in surprise moments and require focused 

attention in task design and implementation with multiple 

tools (e.g., Kieran & Saldanha, 2008).  

 

4 METHODS 

The intent of developing an activity structure for 

classroom activity was to delineate how CAS and paper-and-

pencil are coordinated in curriculum to support students’ 

mathematics learning.  I view classroom activity through a 

curricular lens.  Specifically, I view curriculum as instantiated 

in phases of written curriculum (instructional materials), 

teacher intended curriculum, enacted curriculum, student 

learning, and reflected curriculum.  This lens builds from 

research on how curriculum influences student learning as 

elaborated by Stein, Remillard, and Smith, (2007), Remillard 

and Heck (2014), as well as the theoretical framework 

advanced by Huntley and Terrell (2014) depicted in Figure 2. 
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Curricular Phases 

 

Reflected 

Curriculum 

 

Figure 2  Theoretical framework adapted from (Huntley & Terrell, 2014).

The development of an activity structure for 

characterizing the coordination of CAS and paper-and-pencil 

(as introduced in the previous section) began with an 

examination of the research literature with particular attention 

to design principles and theoretical orientations toward the 

role of CAS and paper-and-pencil (e.g., Buchberger, 1990; 

Davis & Fonger, 2015; Heid & Edwards, 2001).  This research 

and development was followed by an approach that involved 

one cycle of a design experiment (Cobb, Confrey, diSessa, 

Lehrer, & Schauble, 2003) in which the intent was to test, 

revise, and analyze an emerging activity structure.  The author 

and a classroom teacher comprised the research team who 

together conducted a collaborative teaching experiment 

(Cobb, 2000).  The retrospective coding and results informed 

revisions to the activity structure, and further examination of 

the literature base to refine the framework.  A discussion of 

the participants, instruments and data collection, and analytic 

techniques of the collaborative teaching experiment, follows. 

Participants 

The collaborative teaching experiment was conducted in 

a ninth-grade algebra classroom during the last period of the 

school day in an urban school district in the Midwest of the 

United States.  The participating teacher, Ms. L., had been 

teaching for four years at the start of the experiment and had 

experience using non-CAS graphing calculators with her 

students, and CAS technology for personal use.  Based on 

observations of Ms. L’s teaching, and conversations about the 

study, Ms. L and I shared the goal of supporting students’ use 

of CAS as a learning tool for understanding equivalence of 

expressions. Ms. L was supportive of experimentation with 

integrating new CAS technology into her classroom 

                                                 
1 The demographics of these students are characterized to be 

consistent with district-wide ethnic diversity (11,786/21,351 

or 55% white, and 45% students of color), within a high 

instruction.  Throughout the experiment, I was a participant 

observer in the classroom (Patton, 2002) and sometimes asked 

student to explain their thinking out loud. I also identified 

student work to be discussed during instruction and supported 

Ms. L’s instruction with CAS technology with an occasional 

technology demonstration. I collected and managed all data 

and took field notes on how CAS and paper-and-pencil were 

coordinated during enactment or adapted during instruction.  

The author also collected and managed all data.  The author 

took field notes on a how CAS and paper-and-pencil were 

coordinated during enactment or adapted during instruction. 

About half of the students (18 of 31) enrolled in the ninth-

grade algebra class assented to be videotaped as part of the 

study.  Of these 18 students, Annie, Bryon, and Carlos (one 

female, two male students), were selected to also have their 

daily classwork collected.  These students were selected in 

accordance with teacher recommendations to capture the 

diversity of the classroom with respect to mathematical 

abilities, gender, and ethnicity.1  Overall, the population of 

learners had varied learning needs; on most days in a given 

week the teacher had a teacher aid or volunteer supporting 

individual student seat-work or addressing behavior issues.  

Instruments and Data Collection 

In this report, I focus on the first 14 days of a 23-day 

teaching experiment (outlined in Table 2).  I selected this 

segment of the teaching experiment for two reasons: (a) it is 

when the activity structure was introduced, and (b) has the 

most concentrated classroom episodes that focused on 

reconciling CAS and paper-and-pencil in symbols.  The 

curricular focus during this unit was on creating and 

school that demonstrated socioeconomic diversity as well 

(821/1432 or 57.3% of students received free lunch, and 

85/1432 or 5.9% of student purchased reduced price lunch) 

(National Center for Education Statistics, 2014).  
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interpreting the meaning of equivalent expressions.  Both CAS 

and paper-and-pencil were used as tools.  Emphasis on 

symbolic equivalence was the focus of Activities 2 and 6. 

Create and Interpret the Meaning of Equivalent Expressions 

Activity 1 Multiple Representations of Tile Patterns (Days 1–4) 

Activity 2 Equivalent Expressions with Symbolic Representations (Days 4–7) 

Activity 2.5 Graphs, Tables, and Symbols for Equivalence of Expressions (Days 4, 6–8) 

Activity 3 Translations Among Words, Numbers, & Symbols (Days 7–8) 

Activity 4 Evaluating Expressions with CAS and Paper-and-Pencil (Days 8–10) 

Activities 5–6 The Distributive Property with paper-and-pencil and CAS (Days 11–14) 

Table 2  Overview of the Instructional Unit. 

 

Data for this study include: (a) instructional materials 

(lesson plans, tasks), (b) classroom video of all participating 

students, and worksheets and CAS screens for Annie, Bryon, 

and Carlos, and (c) daily observational field notes, daily audio 

recorded research team meetings, and daily class reflections 

recorded by the author following each day of teaching. 

Coding Process 

I followed a constant comparative method of data analysis 

(Strauss & Corbin, 1990) across all phases of qualitative 

analysis.  With this method data were compared as they were 

analyzed, and tested against emergent hypotheses and 

conjectures regarding the evolving activity structure through 

multiple passes through the data set (Cobb & Whitenack, 

1996). Preliminary analyses began immediately after each day 

of instruction.  I shared and discussed my ongoing analyses 

with the classroom teacher, a member-checking process.  I 

began retrospective analyses after the teaching experiment 

following the same constant comparative method. 

Each phase of curriculum was examined for each day of 

the teaching experiment.  The key questions that guided the 

analysis process are included in Table 3.  For example, in 

analyzing the written phase I considered how the activity 

structure was written into the task design.

Curricular 

Phase 
Written Intended Enacted Learned Reflected 

Key 

Question(s) 

What materials 

will the class/ 

students engage 

with? 

 

How is the 

activity structure 

built into the task 

design? 

What is the plan 

for instruction? 

 

How will the 

class/ students 

engage with 

materials? 

 

How might the 

activity structure 

play out? 

How does the 

teacher/researche

r engage students 

in coordinating 

CAS/paper-and-

pencil? 

 

What does the 

activity structure 

look like as the 

teacher interacts 

with the class? 

What is the 

nature of 

students’ activity 

and cognition? 

 

What does the 

activity structure 

look like in 

student work? 

How did 

interactions 

among class, 

individuals, 

materials, 

research team 

confirm or refute 

conjectures about 

activity 

structure? 

Table 3  How an Activity Structure Functions Across Curricular Phases. 
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5 FINDINGS 

In the following I focus on answering the question, How 

did curriculum impact students’ coordination of CAS and 

paper-and-pencil in solving problems involving linear 

expressions and equations?  I introduce three episodes.  First, 

I present how the curriculum introduced students to the 

activity structure for coordinating CAS and paper-and-pencil.  

The second episode focuses on how curricular materials were 

refined to support students’ prediction and reconciling 

activity.  Finally, the third episode illustrates how the 

curricular focus on surprising moments impacted students’ 

coordination of CAS and paper-and-pencil to solve problems. 

Episode 1: Introducing the Activity Structure 

In Episode 1 I illustrate how the curriculum impacted 

students’ coordination of CAS and paper-and-pencil in 

simplifying linear expressions through written, intended, 

enacted, and learned phases of curriculum.  Data for this 

episode span two days of instruction and the same activity and 

goal, shown below in Figure 3.  The written task included 

attention to using paper-and-pencil before CAS.  The intended 

goal of instruction included attention to a coordinating activity 

of predict, act, reflect, and connect2. 

 

  Written Curriculum & Intended Curriculum 

Activity: Equivalent Expressions with Symbolic Representations 

Student Tasks. Use P&P to combine like terms (x, x + x, x + x + x, x + x + x + x) and (x + y, x + y + x + y, 

x + y + x + y + x + y, x + y + x + y + x + y + x + y).  Use CAS to help identity a pattern in the simplified forms. 

Lesson Goal. Students compare expressions by algebraic manipulation, and test for equivalence with emphasis on 

Predict/Act/Reflect/Connect. 

Figure 3  Written and intended curriculum for introducing an activity structure for coordinating CAS and paper-and-

pencil. 

 

Student interaction and coordination of tools. On the first 

day, Ms. L guided students to record simplified expressions 

using paper-and-pencil (a prediction), then to use their CAS to 

act.  Ms. L explained “we want you to use your CAS to help 

you see what’s happening.”  The activity was taken up in 

different ways by different students.  I observed and interacted 

with one pair of students, Ethan and David, in a productive 

exchange and coordination of CAS and paper-and-pencil. 

Figure 4 elaborates our interaction. At first, Ethan and David 

had recorded different paper-and-pencil work. When I 

prompted them to compare, Ethan effectively convinced 

David to change his work (albeit incorrectly). I then prompted 

students to use their CAS which led to an immediate 

realization for Ethan “Oh, I was wrong, that was for 

multiplication.”  

                                                 
2 The language of connect was used during the teaching 

experiment.  As adapted through ongoing and retrospective 

analyses, this phase of the activity structure is now captured 

in the reconcile phase. 
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Ethan: [records this table with paper-and-pencil] 

 

 

 

Expression x x+x x+x+x x+x+x+x 

Simplified 

expression 

x x2 x3 x4 

 

David: [records this table with paper-and-pencil] Expression x x+x x+x+x x+x+x+x 

Simplified 

expression 

x 2x 3x 4x 

 

N. Fonger: Did you compare?  

 

 

Ethan: I’m right, you need to change yours. 

 

 

David: Yep—I had it wrong. [revises his table] Expression x x+x x+x+x x+x+x+x 

Simplified 

expression 

x x2 x3 x4 

 

N. Fonger: Try the next part using CAS. 

 

 

Ethan and David: [use a CAS to produce the following]   

 

 

Ethan: Oh, I was wrong. That was for multiplication.   

Ethan and David: [revise their tables] Expression x x+x x+x+x x+x+x+x 

Simplified 

expression 

x 2x 3x 4x 

 

Figure 4  An interaction among students, the task, tools, and the researcher during the enacted curriculum supported 

students’ coordination of tools to simplify expressions. 

 

In this exchange we observe evidence of a predict-act-

reflect-reconcile activity structure in supporting students’ 

coordination of tools in simplifying expressions. Ethan and 

David’s use of CAS, and reflection on the simplified 

expressions (a rule for simplifying expressions for 

multiplication, as opposed to addition) was the focus of 

reflection. Ethan’s reflection on the simplified expression and 

the students’ change of the expressions to achieve a match 

between CAS and paper-and-pencil is evidence of reconciling.  

Individual student work and non-coordination of tools.  In 

Episode 1 we also have evidence of some students working 

individually, with limited to no evidence of coordination of 

tools.  For example, Carlos had completed the activity 

individually and used paper-and-pencil first (Figure 5a), then 

CAS (Figure 5b).  Carlos did not seem to engage in reflecting 

or reconciling activity.  More importantly, notice that across 

Carlos’ activity the paper-and-pencil and CAS work did not 

match.  In contrast to Ethan and David’s activity, this suggests 

the written curriculum alone did not impact Carlos’ 

coordination of tools to simplify expressions. 
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Figure 5  Carlos’ used (a) paper-and-pencil then (b) CAS to simplify symbolic expressions, describing the pattern as 

“that they both go up by ones” (Day 4, Activity 2). 

Making the activity structure explicit.  On the second day 

of enactment, Ms. L introduced the activity structure in 

classroom discourse by explaining each step of the predict, 

act, reflect, reconcile structure. Ms. L said: 

“We want to think when we use the CAS; we 

want to make a prediction about what we know 

should happen. We want to act and do it. … when 

you’re using your calculator, and you write 

something on your paper, and it doesn’t match the 

calculator, I want you to reflect on why it isn’t the 

same—why things aren’t the same.  And then this last 

word—reconcile—ok, reconcile means you come to 

an agreement.  Like if you have a disagreement with 

another individual and you reconcile that means you 

come to an understanding.  So if you have something 

on your paper that’s different than what the 

calculator’s showing …  I want to make sense of that 

and make sense of how they can agree.  Did I make a 

mistake?  Is the calculator wrong?  Okay?  We’re 

going to think about how to fix that, okay?  How to 

get those things to come together.” 

Ms. L’s elaboration of the activity structure was 

consistent with the lesson goals, and is taken as evidence of 

consistency across the written, intended, and enacted 

curriculum. 

After enactment, the research team met to reflect on what 

could be improved in future lesson designs.  Specifically, we 

reflected on the need for the written task design itself to 

explicitly call for each phase of the activity structure, 

especially the reflect and reconcile phases.  For example, 

future tasks could be written to include questions such as: “Do 

the equivalent expressions generated by CAS match the 

simplified expressions that you wrote using paper-and-

pencil?”  And could be extended further to “If yes, explain the 

pattern that you see in your work.  If not, fix them so that they 

match.  Then explain the pattern that you see.”  This latter 

prompt was intended to focus students’ activity on 

reconciling.  

Summary.  To summarize Episode 1, the activity structure 

supported the written curriculum (task design) as evidenced 

by explicit attention to simplifying with paper-and-pencil first 

(predict) then CAS use (act).  The intended curriculum 

(including lesson goal) and teacher-talk in the enacted 

curriculum made the predict-act-reflect-reconcile structure 

more explicit.  Mixed evidence from student work suggests 

some but not full evidence of tool coordination in student 

learning—Ethan and David had a productive coordination of 

tools, while Carlos did not.  The teacher and researcher 

reflection on the enacted curriculum also informed future 

revisions to the instructional unit and how the activity 

structure might impact lesson design.  

The theme of how curriculum impacts students’ 

coordination of tools is continued in the next two sections.  

Both Episodes 2-3 focus on the same written curriculum and 

how it was taken-up across two consecutive days of the 

teaching experiment.  Episode 2 focuses on how the activity 

structure was refined in task design.  Episode 3 focuses on how 

the activity structure was focused on during the enacted 

curriculum.  
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Episode 2: Refining the Activity Structure in Written Task 

Design 

In Episode 2 I highlight how written curricular materials 

were refined to support students’ prediction and reconciling 

activity.  

Instructional materials and enacted curriculum.  The 

curriculum activity focused on the distributive property using 

both CAS and paper-and-pencil (Figure 6).  The intent was to 

provide opportunities in which students might be confronted 

with common mistakes (e.g., not distributing the coefficient to 

both terms in the binomial) as an opportunity to reconcile 

differences between paper-and-pencil predictions and CAS 

output.  The act of reconciling here was intended as an activity 

that involved a focus on the mathematics that was being 

learned—the distributive property—and how it was manifest 

across the paper-and-pencil and CAS forms, treating CAS as 

a tool to support learning. 

Written Curriculum & Intended Curriculum 

Activity: Distributive Property 

Student Tasks. Use CAS to expand –3(5 + 2), 4(x – 2), 2(x – 1/2), –1(x + 1), 3(x + 2) and 0.5(x – 4). Use paper-

and-pencil then CAS to apply the distributive property; reconcile any differences:  

–3(2x + 2), 3/2 (x – 2), 2(3x – 1), 0.1(5x + 100), 0(6x + 1002), and a(x + b). 

Lesson Goal. Students become more proficient in using the Distributive Property. 

Instructor notes: Students should be confronted with “common mistakes” made using the distributive property 

and reconcile those mistakes between CAS and paper-and-pencil results.  (There is nothing to reconcile if there 

are not differences between CAS work and paper-and-pencil work). 

Figure 6  Written and intended curriculum for refining an activity structure for coordinating CAS and paper-and-pencil. 

 

The written tasks were delivered on students’ CAS 

handheld devices (shown in Figure 7) and paper-and-pencil 

(as shown later in Annie’s work, Figure 8).  The activity 

structure was written into the task materials and encouraged 

prediction with paper-and-pencil, using CAS to act, reflecting 

on any differences obtained, and reconciling those differences.  

For example: “THINK about what you will expect to see” 

(predict, Figure 7a);  “Use paper-and-pencil first.  Then use 

your CAS.  Fix any differences” (predict-act-reflect-

reconcile, Figure 7b).  In the paper and pencil version the task 

was structured as follows:  “Complete one row at a time … 

Talk to your group.  Look back – Be sure that your paper and 

pencil matches the CAS output!”  (predict-act-reflect-

reconcile, Figure 8).  

  

a b 

Figure 7  Written materials designed to support a predict-act-reflect-reconcile structure delivered on students’ CAS 

handheld devices. 

 

Students were further encouraged to think about and 

predict the result of using CAS before executing commands to 

produce simplified expressions.  Ms. L emphasized this kind 

of predictive activity during enactment while students worked 
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by saying:  “Make a prediction about the next one and see if 

you get what you had here” and “Did you predict what would 

happen before you did it? OK.  In this part, what is happening?  

Write down what is happening here.”   

How curriculum supports student learning.  We found 

mixed evidence across students’ activity as to how the written 

and enacted curriculum supported their coordination of tools 

in learning.  For example, Annie had completed her CAS work 

without attention to a predict-act-reflect-reconcile activity 

structure (Figure 8).  Noting that the syntax Annie recorded 

exactly matches the CAS syntax (Figure 6b) is further 

evidence for CAS use without prediction or reconciling.  

 

 

Figure 8  Annie’s CAS and paper-and-pencil work matched. 

 

In contrast to Annie’s individual CAS activity without 

prediction or reconciling, after enactment Ms. L shared an 

insightful reflection on a productive one-on-one interaction 

she had with a student, Gavin, and his coordination of tools in 

learning.  Ms. L shared her understanding of students’ activity 

and conceptions in relation to classroom practice: 

Even though using the CAS is kind of like a GameBoyTM 

[a personal handheld gaming system] you know…  I was 

talking to Gavin and I said, ‘Well what would you expect 

to get?’  And he said, ‘I would get this [unspecified],’ and 

I said, ‘Well see if that’s what you get,’ and he said ‘Oh, 

I didn’t get that,’ and you know, he was really thinking 

about it—they can, but it takes the adult to ask them. 

This reflection points to the importance of adult (expert, 

or peer) interaction in supporting students to learn to use 

multiple tools as they engage with mathematical tasks.  In 

sum, the activity structure had guided the design of the written 

curricular tasks and enactment.  Like Episode 1, the impact of 

the curriculum on students’ learning to coordinate tools to 

simplify expressions was varied.  Our reflection on the enacted 

curriculum and varied student activity led us to further refine 

how curriculum might support students’ coordination of tools, 

shared next.  

Episode 3: Refocusing the Enacted Curriculum on 

Surprises 

Episode 3 occurred the day after Episode 2; the written 

tasks are the same across these two episodes.  Guided by the 

reflected curriculum in Episode 2, Episode 3 focuses on how 

surprising moments might support students’ coordination of 

CAS and paper-and-pencil to solve problems. 

Enacted curriculum. The research team began class by 

engaging students in a role-playing demonstration around the 

“surprise” element that could occur in coordinating CAS and 

paper-and-pencil technique and reflection on that technique.  

A synopsis of this role-play exchange is given next in Figure 

9 in three frames.
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N. Fonger: What do you think will happen, Ms. L? 

 

 

Ms. L: I think it’s .25x+3.5 [paper-and-pencil] 

 

 
N. Fonger: Let’s use the CAS [records CAS Output] 

 

 
Ms. L.: They don’t match. Here’s how to fix it: 

 

 

Figure 9  The research team engaged in a role-play demonstration of the activity structure. 

 

Figure 9 captures how the researcher and teacher modeled 

how to record predictions in paper-and-pencil (predict), to 

execute the technique on a CAS calculator page and record it 

(act), then to think about and record what needed to be 

changed in order to fix the differences between the two 

techniques (reflect and reconcile—the “+” was circled and 

fixed in the reconciling phase).  Our intent was to support 

students to interact with the tasks, tools, and others (peers, 

research team) in coordinating CAS and paper-and-pencil to 

solve problems.  Next I share a productive interaction between 

myself and a student, followed by a teacher-led class 

discussion focused on reconciling surprise moments. 

Figure 10 showcases a typical instructional exchange 

around tool use to solve tasks. In this exchange, I worked with 

a student, Jayden. First I prompted Jayden for a prediction for 

how to simplify 0.1(5x + 100) to which he recoded 0.5x + 100. 

Then I prompted Jayden to use CAS, and he obtained 0.5x+10 

as the simplified expression. He said “Oh, I need to multiply 

0.1 by 100”. I prompted Jayden to record these ideas on his 

paper. Jayden’s reflection on the differences was followed by 

him reconciling the differences between his paper-and-pencil 

prediction and his CAS output. 

N. Fonger: What do you think will happen, Jayden? 

 

 

Jayden: [records 0.5x+100] Original Expression Paper and Pencil 

0.1 ∙ �5 ∙ � + 100	 = 0.5x+100 
 

N. Fonger: Let’s use the CAS. 

 

 

Jayden: [uses CAS to obtain 0.5x+10] “Oh, I need to multiply 0.1 by 100” 

  

N. Fonger: Okay. Record your CAS work and explain how to fix your prediction. 

 

Jayden: [recorded in the “Fix” column] CAS “Fix” 

0.5x+10 I needed to multiply 0.1 

by 100 
 

Figure 10  The author engaged a student in a predict-act-reflect-reconcile activity during enactment. 

 

It is notable that Jayden’s reflection and reconciling were 

focused on the differences between CAS and paper-and-

pencil, and on the mathematical idea at hand - the distributive 

property.  Jayden’s need to “multiply 0.1 by 100” is making 

the rule of distributing the coefficient to each term in the 

binomial explicit. 
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Finally, a particularly salient classroom exchange 

occurred around a teacher-student discussion of a “surprise 

element”: 

1 Ms. L: I want to know, which one of these surprised 

you? 

2 Gavin: Part a. [-3*(2*x + 2)) = _____] 

3 Ms. L: What did you write for the paper-and-pencil 

part? 

4 Gavin: 3x + 12 

5 Ms. L: what did the CAS tell you? 

6 Gavin: -6x – 6 

7 Ms. L: Yeah. Okay.  So this is a really good example, 

what they thought was going to appear didn’t appear.  

So what did you have to… understand to fix it? 

8 Gavin: That I have to multiply three all the way 

through to get the right answer. 

9 Ms. L: Okay. So he said he had to multiply 2x by -3 

and he had to multiply the 2 by -3 to get the correct 

answer.  Excellent job.  Give him a hand. 

This classroom exchange highlights a prediction using 

paper-and-pencil (lines 3-4), an action with CAS technique 

(lines 5-6) and a reflection on and reconciliation of the 

differences to support a coordination of CAS and paper-and-

pencil techniques vis-à-vis the distributive property (lines 7-

9).  Ms. L’s focus on “what did you have to understand to fix 

it” was central in focusing the reconciling activity on the use 

of tools to learn mathematics; Gavin’s statement of what he 

needed to do to fix it - “multiply three all the way through” - 

also signaled his engagement with the mathematical ideas in 

simplifying the expression.  Had Gavin merely used CAS to 

fix the simplified expression it might have focused only on the 

correct answer, and not how to obtain the correct answer? 

Student learning.  The above exchanges between myself and 

Jayden, and Ms. L and Gavin at the whole class level, point to 

some potentially powerful learning moments for students as 

promoted during the enacted curriculum.  I close Episode 3 by 

sharing two sample student work that represent again the 

diversity of responses in how the curriculum impacted student 

learning.  In a first example (Figure 11), the curriculum 

seemed to support Bryon’s individual activity in predicting, 

acting, and reflecting on differences between CAS and paper-

and-pencil work.  In a careful examination of how to “Fix” the 

differences, Bryon seemed to use CAS as more of a check.  For 

example, in line b the paper-and-pencil and CAS match again 

with “I used the CAS” as how to Fix.  Had Bryon considered 

what needs to be understood to fix the prediction, this would 

move the tool coordination into a reconciling role. 

 

Figure 11  Bryon’s CAS and paper-and-pencil activity to simplify expressions. 

 

In a final example, consider Carlo’s work in Figure 12.  

From the differences in paper-and-pencil and CAS activity we 

see evidence of predict and act, but without attention to how 

to fix the differences we see little evidence of reflect or 

reconcile.  This finding points to the need to support students 

in communicating their mathematical thinking across tool use. 
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Figure 12  Carlos’ CAS and paper-and-pencil activity to simplify expressions. 

 

Summary 

Across Episodes 1-3 there are some notable differences 

between the written, intended, enacted, and learned 

curriculum.  Here I highlight some ways in which the activity 

structure was supported in curriculum, and how curriculum 

impacted students’ coordination of tools. 

The activity structure was taken on as a design principle 

at the start of the teaching experiment, and not surprisingly 

evident in the written and intended curriculum.  The nature of 

how the enacted curriculum supported students’ activity 

varied.  Some productive exchanges were evident between 

teacher-student or peer interactions (e.g., Ethan, David, and N. 

Fonger [Episode 1], Ms. L and Gavin [Episode 2], N. Fonger 

and Jayden [Episode 3]) and also at the classroom level (e.g., 

Ms. L [Episode 1], and Ms. L and Gavin [Episode 3]).  These 

exchanges during the enacted curriculum seemed to support 

student learning.  However, the activity structure was not 

always evident in supporting students’ coordination of tools 

through reconciling (e.g., Carlos [Episode 1, 3], Annie 

[Episode 2]), with some evidence of CAS serving as a “check” 

to obtain correct answers (e.g., Bryon [Episode 3]).  The 

research team’s reflection on the variation across student 

learning supports a hypothesis that predict-act-reflect-

reconcile activity was more common when a task-tool-

peer/teacher-individual structure support was in place through 

small-group or whole-class discussion in enactment, and less 

common in individual-task-tool interactions. 

Episodes 1-3 also draws attention to how the research 

team adapted the intervention to address observed differences 

across the written, intended, enacted, and learned curriculum.  

The reflected curriculum again served an important role in 

shifting the curricular focus.  For example, from Episode 1 to 

2 we saw a shift to more focused task design to include explicit 

prediction, reflection, and reconciling.  Likewise, from 

Episode 2 to Episode 3, we observed a more explicit shift to 

enacting the activity structure to support students’ 

coordination of tools in both small group and whole class 

interactions. 

 

6 DISCUSSION 

In this study I introduced a predict-act-reflect-reconcile 

activity structure for coordinating CAS and paper-and-pencil 

in solving problems involving linear expressions and 

equations.  I adopted a lens on how curriculum impacts 

students learning to examine the role of curriculum materials 

in impacting students’ coordination of tools in solving 

problems.  I introduced three episodes from a collaborative 

classroom teaching experiment that illustrate how the activity 

structure both impacted instructional materials, as well as how 

the instructional materials seemed to impact student learning.  

Four general themes are discussed that shed light on some of 

the nuances of how curriculum impacted students’ 

coordination of CAS and paper-and-pencil to solve problems.  

Impact of Curriculum Materials on Students’ 

Introduction to an Activity Structure 

First, the instructional materials alone did not seem to 

support students’ coordination of CAS and paper-and-pencil 

to solve problems.  For example, in Episode 1 there was little 

attention to coordinating CAS and paper-and-pencil in the 

enacted curriculum at a whole-class level.  In Carlos’ work, he 

engaged in a predict-act activity structure that resulted in mis-

matching work across paper-and-pencil (incorrect simplified 

expressions) and CAS (some correct simplified expressions).  

The curriculum did not seem to impact Carlos’ reflection and 

reconciling, and ultimately did not seem to support his 

coordination of tools to solve problems.  As another example, 
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in Episode 2, the tasks had been revised to suggest a predict-

act-reflect-reconcile structure, yet with little instructional 

support.  Annie’s work in Episode 2 illustrates how the 

instructional materials supported her to act with CAS, but 

showed little to no impact on Annie’s predict-reflect-reconcile 

activity.  

These findings draw attention to how task design to 

coordinate tools is an important starting point for instructional 

change to support student learning, but limited in its effect 

alone (Kieran & Saldanha, 2008).  This finding is consistent 

with the more general finding that written materials have some 

but not determined impact on student learning is common in 

curriculum literature, and perhaps amplified with technology-

rich curriculum in which the mathematics and the tool-use are 

integrated into instructional design and enactment to support 

the strategic use of tools. 

A Focus on Surprises to Support Students’ Reconciling 

Activity During Enactment 

Findings of this study suggest the enacted curriculum 

seemed to support students’ learning through interactions 

between students, teachers, tools, and tasks focused on 

predict-act-reflect-reconcile activity structure.  Some success 

in the enacted curriculum supporting student learning was 

found in one-on-one interactions, as well as whole-class 

discussions. 

Recall the interchange between myself, David, and Ethan 

in Episode 1. I prompted students to use CAS after making a 

paper-and-pencil prediction, which led to both David and 

Ethan using CAS as a tool in coordination with paper-and-

pencil to support the writing of simplified expressions.  

Episode 2 provided further evidence for how the enacted 

curriculum supported students’ coordination of tools in using 

the distribute property.  A productive teacher-student 

interaction between Ms. L and Gavin led Ms. L to reflect “it 

takes the adult to ask them [to predict, act, reflect, and 

reconcile].”  As a participant observer, I also discerned the 

importance of researcher-student interactions with Jayden in 

supporting each phase of the predict, act, reflect, and reconcile 

activity structure in Episode 3.  These findings highlight the 

importance of explicit instructional supports during the 

enacted curriculum that focus on the activity structure as a 

means of support for students’ coordination of tools.  

It is also important to draw attention to the productive 

coordination of CAS and paper-and-pencil at the classroom 

level.  Findings of this study suggest that a curricular focus on 

reconciling surprise moments in students’ activity seemed to 

support students’ coordination of CAS and paper-and-pencil 

to solve problems.  The classroom discussion between Ms. L 

and Gavin in Episode 3 illustrates the power of focusing on 

surprises between CAS and paper-and-pencil and the 

mathematics being learned, in this case, the distributive 

property of multiplication over addition. This finding is 

supportive of the design principles suggested by Kieran and 

Saldanaha (2008) and the importance of making these 

surprising moments explicit objects of discussion.  Further, in 

Episode 3, while the enacted curriculum is focused on predict-

act-reflect-reconcile, the reflection and reconciling was 

inconsistently evident across student work.  For example, 

Carlos showed paper-and-pencil and CAS work but did not 

seem to engage in reconciling.  This finding leaves open 

questions as how to support all students to productively 

coordinate CAS and paper-and-pencil to solve problems.  The 

fact that some but not all students successfully engaged in the 

predict-act-reflect-reconcile activity structure across Episodes 

1-3 suggests a need to further investigate other factors related 

to students’ tool use in solving mathematics problems. 

Implications for Instruction 

The findings of this study point to three main 

contributions for instruction with mathematics technology 

such as CAS.  First, the activity structure of predict-act-

reflect-reconcile is an potentially fruitful starting point for 

coordinating CAS and paper-and-pencil in classroom activity, 

but not sufficient on its own as a task design principle without 

focused classroom discussion and support during the enacted 

curriculum.  Building on this first point, we recommend 

guided activity design that involves peer interaction and 

teacher-student interaction with specific attention to reflecting 

and reconciling differences, moving beyond a check to focus 

on the mathematics.  Role play is one way, focused classroom 

discussion on surprise elements is another way.   

Finally, to support instruction with CAS as a learning tool 

teachers might also target a shift in values to emphasize 

reflection and communication over end results.  Mathematics 

is commonly perceived as a performance subject in which 

getting the correct answer is valued.  In contrast, the 

coordination of CAS and paper-and-pencil as advocated for in 

this research, represents a shift in goal to emphasize 

mathematical thinking, reflection on tool-based 

representations, and communication.  Teaching students how 

to communicate about their process of using multiple tools 

while solving problems, and the mathematical thinking that 

students engage in while reconciling differences is valued.  

Students likely need repeated experiences with this shifted 

activity structure.  As a final point, given that this study 

focused primarily on symbolic representation types, open 

questions remain regarding how the role of coordinating CAS 

and paper-and-pencil become part of students’ activity when 

coordinating multiple representations. 
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